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Abstract
We prove a category version of the Poincaré recurrence theorem for a non-invertible map of a Baire space which is continuous,
nearly feebly open and has no nonempty open wandering set.
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1. Introduction
The Poincaré recurrence theorem was originally formulated in [8] for homeomorphisms of a bounded region pre-
serving the Lebesgue measure. Now, it is usually stated as follows.
Poincaré recurrence theorem (measure version). Let (X,A,μ) be a finite measure space and f :X → X be a map
preserving the measure μ. Then for any A ∈A and almost all x ∈ A, f n(x) ∈ A for infinitely many n > 0.
In other words, for any A ∈A those x ∈ A which return to A only finitely many times form a set which is negligible
from measure point of view. There is another point of view on negligible sets, namely, category one. In [5] it was
proved
Poincaré recurrence theorem (category version). Let f :X → X be a homeomorphism of a complete separable
metric space which does not admit a wandering nonempty open set. Then for any A ⊂ X with property of Baire
(in particular, for any Borel set A ⊂ X) there exists first category set N (which is Borel if A is Borel) such that for
each x ∈ A \ N the points f n(x) return to A \ N for infinitely many positive n and for infinitely many negative n.
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version of Poincaré recurrence theorem for non-invertible continuous maps of Baire spaces which are nearly feebly
open. Example 1 shows that this assumption is essential.
2. Preliminaries
We begin this section by introducing some terminology and stating some elementary propositions whose proofs we
leave to the reader. Let X be a set and f :X → X be a map. A subset A ⊂ X is said to be wandering if A∩ f i(A) = ∅
for any positive integer i.
Proposition 1. The following properties are equivalent.
(i) The set A ⊂ X is wandering.
(ii) A ∩ f −i (A) = ∅ for any integer i > 0.
(iii) f −i (A) ∩ f −j (A) = ∅ for any integers 0 i < j .
For A ⊂ X denote
rec(A) = {x: x ∈ A,f i(x) ∈ A for infinitely many i}.
The set rec(A) is called the recurrent part of A. It is easy to see that
rec(A) = A ∩
∞⋂
i=0
∞⋃
j=i
f −j (A).
For an integer i  0 put
Ai =
{
x: x ∈ A, f i(x) ∈ A and f j (x) /∈ A for all j > i}
= (A ∩ f −i (A)) \
∞⋃
j=i+1
f −j (A).
Proposition 2. Let f :X → X and A ⊂ X be arbitrary.
(i) The sets Ai are wandering for any i  0.
(ii) rec(A) = A \⋃∞i=0 Ai.
(iii) If A is a σ -algebra on X, f is A-measurable and A ∈A then rec(A) ∈A and Ai ∈A for all i  0.
Let X and Y be a topological spaces. A map f :X → Y is said to be nearly feebly open if Intf (U) = ∅ for any
nonempty open U ⊂ X, see [7]. A map f is called quasi-continuous if f −1(V ) ⊂ Int(f −1(V )) for any open V ⊂ Y ,
see [6].
Recall that a topological space X is Baire if any nonempty open subset U ⊂ X is of second category. A subset
A ⊂ X has the property of Baire if A = UB , where U is open and B is of first category. See [4].
The following theorem generalizes a result of [7].
Theorem 3. Let X and Y be Baire spaces and f :X → Y be a quasi-continuous map. The following properties are
equivalent.
(i) f is nearly feebly open.
(ii) f −1(B) is of first category whenever so is B ⊂ Y .
Proof. (i) ⇒ (ii) Let f be nearly feebly open. It suffices to prove that f −1(B) is nowhere dense whenever B ⊂ Y is a
closed nowhere dense set. Put U = Intf −1(B). Since f is quasi-continuous and B is closed, we have U ⊂ f −1(B).
P. Malicˇký / Topology and its Applications 154 (2007) 2709–2713 2711If U = ∅ then f is not feebly open, because f (U) ⊂ B , f (U) ⊂ B and Int(f (U)) ⊂ Int(B) = ∅. Therefore U = ∅
and f −1(B) is nowhere dense.
(ii) ⇒ (i) Let Int(f (U)) = ∅ for some nonempty open U ⊂ X. Put B = f (U). Then B is nowhere dense and
U ⊂ f −1(B), which means that f −1(B) is not of first category because X is a Baire space. 
Theorem 4. Let X and Y be Baire spaces and f :X → Y be a quasi-continuous nearly feebly open. Then f −1(A)
has the property of Baire whenever A ⊂ Y does so.
Proof. Let A ⊂ Y have the property of Baire. Then A = UB , where U is open and B is of first category. Since
f −1(A) = f −1(U)f −1(B) and f −1(B) is of first category, it suffices to prove that f −1(U) has the property of
Baire. We have f −1(U) ⊂ Int(f −1(U)). Put C = f −1(U) \ Int(f −1(U)). Then f −1(U) = Int(f −1(U))C and C is
nowhere dense, because C ⊂ Int(f −1(U)) \ Int(f −1(U)). 
3. Category recurrence
We prove a category recurrence theorem for a subclass of quasi-continuous maps.
Theorem 5. Let X be a Baire space and f :X → X be a nearly feebly open map such that the iterations f i are
quasi-continuous for all i  0. If f has no nonempty open wandering set then
(i) Any wandering subset A ⊂ X with the property of Baire is of first category.
(ii) For any A ⊂ X with the property of Baire the difference A \ rec(A) is of first category.
Proof. (i) Let a set A ⊂ X have the property of Baire which is not of first category. Then A = UB , where U = ∅
is open and B is of first category. We shall prove that A is not wandering. It suffices to prove that U \ B is not
wandering. Since U is not wandering, U ∩ f −i (U) = ∅ for some integer i > 0. Since f i is quasi-continuous,
f −i (U) ⊂ Int(f −i (U)). We have U ∩ Int(f −i (U)) = ∅ and U ∩ Int(f −i (U)) = ∅. Since the sets B , f −i (B) are
of first category and X is a Baire space, we have(
U ∩ Int(f −i (U))) \ (B ∪ f −i (B)) = ∅
and
(U \ B) ∩ f −i (U \ B) = (U \ B) ∩ (f −i (U) \ f −i (B))
= (U ∩ f −i (U)) \ (B ∪ f −i (B)) = ∅.
So, the set U \ B is not wandering.
(ii) As we saw above, A \ rec(A) is the union of Ai ’s each of which is wandering and so is of first category
by (i). 
Since continuous maps are used more frequently than quasi-continuous ones, we formulate explicitly the previous
theorem for continuous maps.
Theorem 6. Let X be a Baire space and f :X → X be a continuous nearly feebly open map. If f has no nonempty
open wandering set then
(i) Any wandering subset A ⊂ X with the property of Baire is of first category.
(ii) For any A ⊂ X with the property of Baire the difference A \ rec(A) is of first category.
Corollary 7. Let X be a Baire space and f :X → X be a continuous nearly feebly open map which is either transitive
or the set of all f -periodic points is dense.
(i) Any wandering subset A ⊂ X with the property of Baire is of first category.
(ii) For any A ⊂ X with the property of Baire the difference A \ rec(A) is of first category.
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Corollary 8. Let X be a compact metrizable space and f :X → X be a minimal map.
(i) Any wandering subset A ⊂ X with the property of Baire is of first category.
(ii) For any A ⊂ X with the property of Baire the difference A \ rec(A) is of first category.
4. Examples
Example 1. There is a compact metric space X with a transitive continuous map f :X → X and nonempty open set
U ⊂ X such that Int(f i(U)) = ∅ for all integers i > 0, see [1]. The set U \⋃∞i=1 f i(U) is a wandering Gδ-subset of
second category. For this map the category version of Poincaré recurrence theorem does not work although f has no
nonempty open wandering set.
Quasi-continuity of maps is not preserved by composition. The assumption that all iterates f i are quasi-continuous
was used essentially in the proof of Theorem 5. We construct a quasi-continuous map f whose square f 2 is not
quasi-continuous.
Example 2. Put
f (x) =
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
x + 12 for x ∈ 〈0, 12 ),
3(x − 12 ) for x ∈ 〈 12 , 23 〉,
−3(x − 56 ) for x ∈ 〈 23 , 56 〉,
3(x − 56 ) for x ∈ 〈 56 ,1〉.
From Figs. 1 and 2 it is easy to see that f is quasi-continuous, but f 2 is not. The map f maps the interval 〈0,1)
into itself and is continuous and nearly feebly open with respect to the circle topology. The map has no nonempty
open wandering set (with respect to the circle topology), because it preserves the Lebesgue measure. So, the map
f has no wandering set of second category with the Baire property. It would be interesting to prove Theorem 5 for
quasi-continuous maps f without the assumption of quasi-continuity of the iterates f i .
Theorem 5 was formulated for maps all iterates of which are quasi-continuous. To show that this assumption is
meaningful we give an example.
Fig. 1. Fig. 2. Fig. 3.
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f (x) =
⎧⎪⎨
⎪⎩
0 for x = 0,
22k+1(x − 122k+1 ) for x ∈ 〈 122k+1 , 122k 〉,
−22k+2(x − 122k+1 ) for x ∈ 〈 122k+2 , 122k+1 〉.
Fig. 3 shows the graph of f . Obviously the map f is nearly feebly open. It is easy to derive that all iterates of f i
are quasi-continuous. The map has no nonempty open wandering set, because it preserves the Lebesgue measure.
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